FORMALITY AND HARD LEFSCHETZ PROPERTIES 
OF ASPHERICAL MANIFOLDS 



HISASHI KASUYA 

Abstract. For a virtually polycyclic group F, we consider an 
aspherical manifold Mp with 7ri(A/r) = T constructed by Baues. 
For a Lie group G = x^M™ with the action (/)■.]&."->■ Aut M™ is 
semi- simple, we show that if F is a finite extension of a lattice of G 
then Mr is formal. Moreover if Mr admits a symplectic structure, 
we show Mr satisfies the hard Lefschetz property. By those results 
we give many examples of formal solvmanifolds satisfying the hard 
Lefschetz properties but not admitting Kahler structures. 



1. Introduction 

Formal spaces in tlie sense of Sullivan are important for de Rham ho- 
motopy theory. Famous examples of formal spaces are compact Kahler 
manifolds (see |7j). Suppose F is a torsion-free finitely generated nilpo- 
tent group. Then K[r, 1) is formal if and only if F is abelian by 
Hasegawa's theorem in |9]. But in case F is a virtually polycyclic group, 
the formality of K{r, 1) is more complicated. One of the purposes of 
this paper is to apply the way of the algebraic hull of F to study the 
formality of i^'(F,l). For a torsion-free virtually polycyclic group F, 
we have a unique algebraic group Hp with an injective homomorphism 

: F — )• Hr so that: 

(1) ipO^) is Zariski-dense in Hp. 

(2) The centralizer ZHp(U(Hr)) of U(Hr) is contained in U(Hr). 

(3) dimU(Hr) = rankF. 

Such Hp is called the algebraic hull of F. We call the unipotent radi- 
cal of Hp the unipotent hull of F and denote it by Up. In [3], Baues 
constructed a compact aspherical manifold Mp with the fundamental 
group F called the standard F-manifold by the algebraic hull of F. And 
he gave the way of computation of the de Rham cohomology of Mp. 
By the application of these results, we prove: 
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Proposition 1.1. If the unipotent hull \Jr ofT is abelian, i^(r, 1) is 
formal. 

So we are interested in knowing criteria for Up to be abelian. We 
prove the following theorem. 

Theorem 1.2. Let T be a torsion-free virtually polycyclic group. Then 
the following two conditions are equivalent: 

(1) Ur is abelian. 

(2) r is a finite extension group of a lattice of a Lie group G = M^x^^M'" 
such that the action : R*^ — >■ Aut(M™') is semi-simple. 

Therefore we have: 

Corollary 1.3. If T satisfies the condition (2) in Theorem then 
K(r, 1) is formal. 

By this corollary, we have examples of formal spaces which give a 
relation to the geometries of 3-dimensional manifolds. 

Corollary 1.4. Let M be a compact 3-dimensional manifold. If the 
geometric structure of M is or Sol, then M is formal. 

As in the case of formality the hard Lefschetz properties are impor- 
tant properties of compact Kahler manifolds. We have the following 
proposition. 

Proposition 1.5. Suppose the standard T -manifold Mr admits a sym- 
plectic structure. If the unipotent hull Ur is abelian, Mr satisfies the 
hard Lefschetz property. 

A solvmanifold is an example of standard F- manifold Mr. For a 
nilmanifold M, if M is formal or satisfies the hard Lefschetz property, 
then M is diffeomorphic to a torus (see [1] [9]). But by the result of 
this paper and Arapura's theorem in [1], we have many examples of 
formal solvmanifolds satisfying the hard Lefschetz properties but not 
admitting Kahler structures. 

Corollary 1.6. Let G = R"" ^4, M'" such that : M" ^ Aut(R'^) zs 
semi-simple and G is not type (I) i.e. for any g E G the all eigenvalues 
of Adg have absolute value 1. Then for any lattice F of G, G /V is 
formal solvmanifolds which does not admit a Kahler structure. If G/T 
admits a symplectic structure, G/T satisfies the hard Lefschetz property. 

The paper is organized in the following way. In Section 2 the Prelim- 
inaries for this paper are written. In Section 3 we review the algebraic 
hulls of virtually polycyclic groups or solvable Lie groups. We compile 
some facts in ^ and [15] . In Section 4 we prove Theorem 11.21 The 
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idea of this section is to apply the embeddings solvable Lie algebras 
in splittable Lie algebras. In Section 5 we prove Proposition 11.11 and 
Corollary 11.41 In Section 6 we prove Proposition 11.51 and Corollary 11.61 
In Section 7 we give an example of a formal standard F-manifold with 
the hard Lefschetz property such that Ur is not abelian. 

2. Preliminaries 

2.1. Algebraic groups. Let khe a subfield of C. A group G is called 
/c-algebraic group if G is a Zariski-closed subgroup of GL„(C) which 
is defined by polynomials with coefficients in k. Let G{k) denote the 
set of fc-points of G and U(G) the maximal Zariski-closed unipotent 
normal /c-subgroup of G called the unipotent radical of G. In this 
paper, algebraic groups are always written in the bold face. 

2.2. Nilpotent Lie algebras and R-unipotent algebraic groups. 

Let A be a simply connected Lie group and n the Lie algebra of A, By 
the Baker-Campbell-Hausdorff formula, the exponential map exp : n — ?■ 
A is a diffeomorphism and we have the group structure on n induced 
by A such that 

X-Y = X + Y + ^[X,Y] + ^[X-Y,[X,Y]] + --- . 

Since n is nilpotent, X + Y + ^[X,Y] + j^[X -Y, [X, Y]]--- is a finite 
sum and given by polynomial functions on n = M*^'™". So we have an 
M- algebraic group structure on nc = C^'™" such that nc(M) = n. 

Let Un(C) be the upper triangular matrices and u„(C) Lie algebra 
of Un(C). Then the exponential map exp : u„(C) — )■ Un(C) gives the 
isomorphism of M-algebraic groups u„(C) and Un(C) For any Lie subal- 
gebra u of u„(]R), we have the faithful representation of an R- algebraic 
group exp : u ® C ^ Un(C). So we have the 1-1 correspondence be- 
tween Lie sub-algebras of u„(R) and R-algebraic subgroups of Un(C). 
By Engel's theorem, any nilpotent Lie algebra is a Lie subalgebra of 
u„(M) for some n. Hence we have: 

Proposition 2.1. By the exponential map, we have the 1-1 correspon- 
dence between nilpotent Lie algebras and unipotent "^-algebraic groups. 

Let Ui, n2 be nilpotent Lie algebras . Let Ni, N2 be the M-unipotent 
groups which correspond to Ui, 1x2. Let / : Ui — 1x2 be a Lie algebra 
homomorphism. Since / is a linear map, / : rii ® C — i- 1x2 (g) C is a 
M-algebraic group homomorphism. By / — )■ expo/ o exp^^, we have 
the 1-1 correspondence between Lie algebra homomorphisms rii — )■ 1x2 
and R-algebraic group homomorphisms Ni — )■ N2. 
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For a nilpotent Lie algebra n, the group of automorphisms Aut(nc) 
is an M-algebraic group with Aut(nc)(M) = Aut(n) by the Lie bracket 
on n. Let N be the M-algebraic group which corresponds to n. Let 
Auta(N) denote the group of automorphisms of N. By the above cor- 
respondence, we identify Aut(nc) with Auta(N). 

3. Algebraic hulls 

In this section we explain the algebraic hulls of polycyclic groups or 
simply connected solvable Lie groups. We compile some facts in [3] and 
[15] and prove some lemmas to prove the main theorem. 

3.L Polycyclic groups and simply connected solvable Lie groups. 

We first review basic informations of polycyclic groups. See [15] and 
[TS] for more details. 

Definition 3.1. A group F is polycyclic if it admits a sequence 

F = Fo D Fi D ■ ■ ■ D Ffc = {e} 

of subgroups such that each Fj is normal in Fj_i and Fj_i/Fj is cyclic. 
We denote rankF = rankFj_i/Fi. 

We have relations between polycyclic groups and solvable Lie groups. 
We have the following two theorem. 

Theorem 3.2. ([151 Proposition 3.7, Theorem 4.28]) Let G be a simply 
connected solvable Lie group and T be a lattice in G. Then F is torsion- 
free polycyclic and dimG = rankF. Conversely every polycyclic group 
admits a finite index normal subgroup which is isomorphic to a lattice 
in a simply connected solvable Lie group. 

Let F be a virtually polycyclic group and F' be a finite index poly- 
cyclic subgroup. We denote rankF = rankF'. 

3.2. Algebraic hulls of torsion-free virtually polycyclic groups. 

Let k he a. subfield of C. Let F be a torsion-free virtually polycyclic 
group. 

Definition 3.3. We call a fc-algebraic group Hp a fc-algebraic hull of 
F if there exists an injective group homomorphism ^ : F — )■ Hp (A;) and 
Hr satisfies the following conditions: 

(1) is Zariski-dense in Hp. 

(2) ZHp(U(Hr)) C U(Hr). 

(3) dimU(Hr)=rankF. 
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Theorem 3.4. ([3l Theorem A.l]) There exists a k-algebraic hull ofT 
and a k-algebraic hull of T is unique up to k-algebraic group isomor- 
phism. 

Let Hp be the fc-algebraic huU of F and let Up be the unipotent 
radical of Hp. We call Ur the fc-unipotent hull of F. 

Let F be a torsion-free virtually polycyclic group and A C F be a 
finite index subgroup of F. Let Hp be the /c-algebraic hull of F and G 
the Zariski-closure of ip{A) in Hp. 

Lemma 3.5. The algebraic group G is the k-algebraic hull of A and 
we have Ua = Up. 

Proof. Let Hp be the identity component of Hp. Since G is a closed 
finite index subgroup of Hr, we have Hp C G. Since F is virtually 
polycyclic, Hp is solvable. Hence we have U(Hr) = (Hp)„„jp = U(G). 
Since rankF = rank A, we have 

dimU(G) = rank A. 

And we have 

Zg>{U{G)) C Zh,(U(Hp)) c U(Hp) = U(G). 
Hence the lemma follows. □ 

3.3. Algebraic hulls of simply connected solvable Lie groups. 

Let G be a simply connected solvable M-Lie group. Let A; be a subfield 
of C which contains R subfield. 

Lemma 3.6. ([151 Lemma 4.36]) Let p : G ^ GL„(C) be a repre- 
sentation and G be the Zariski-closure of p{G) in GLn{C). Then we 
have 

dimU(G) < dimG. 

Definition 3.7. We call a fc-algebraic group H^ a /c-algebraic hull of 
G if there exists an inject ive Lie group homomorphism ip : G ^ Hp(fc) 
and satisfies the following conditions: 

(1) ipiG) is Zariski-dense in H^. 

(2) Zh^(U(Hg))cU(Hg). 

(3) dimU(HG) = dimG. 

Theorem 3.8. ([151 Proposition 4.4]) There exists a k-algebraic hull 
of G and a M.-algebraic hull of G is unique up to k-algebraic group 
isomorphism. 

We call the unipotent radical of the k-algebraic hull of G the k- 
unipotent hull of G and denote Ug- 
Suppose G has a lattice F. 
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Theorem 3.9. Theorem 3.2]) Let p : G ^ GL„(C) be a repre- 
sentation and let G and G' be the Zariski- closures of p{G) and p{V) in 
GL„iC). Then we have U(G) = U(G'). 

Let ip : G ^ Hg be the M-algebraic hull of G and H' be the Zariski- 
closure of i'iT) in Hg- 

Lemma 3.10. H' is the M.-algebraic hull ofT and we have \Jg = Ur- 
Proof. By Theorem 13. 9[ U(Hg<) = U(H'). So we have 

dimU(H') = dimU(HG) = dimG = rank! 

and 

Zh'(U(H')) C Zh^(U(Hg)) C U(Hg) C U(H'). 
Hence the lemma follows. 

□ 

3.4. Cohomology computations of aspherical manifolds with 
virtually torsion-free polycyclic fundamental groups. Let F be 

a torsion-free virtually polycyclic group, and Hp be the Q-algebraic 
hull of r. Denote Hr = Hr(M). Let Ur be the unipotent radical of Hr 
and let T be a maximal reductive subgroup. Then ifp decomposes as 
a semi-direct product Hp = T x Ur- Let u be the Lie algebra of Ur- 
Since the exponential map exp : u — > Ur is a diffeomorphism, Ur is 
diffeomorphic to MJ^ such that n = rankF. The splitting Hr = T i<Ur 
gives rise to the affine action a : Hr — )■ Aut([/r) x Ur such that a is 
an injective homomorphism. 

In [3] Baues constructed a compact aspherical manifold Mr = a(F)\f/r 
with 7ri(Mr) = F. We call Mr a standard F- manifold. 

Theorem 3.11. ([3[ Theorem 1.2]) Standard T -manifold is unique up 
to diffeomorphism. 

Let A*{Mr) be the de Rham complex of Mr- Then A*{Mr) is the set 
of the F-invariant differential forms A*{Ur)^ on Ur- Let (A^*)^ be the 
left-invariant forms on Ur which are fixed by T. Since F C Hr = TiKUr, 
we have the inclusion 

(y^u*)^ = A*{Urf^ C A*{Urf = A* (Mr). 

Theorem 3.12. ([31 Theorem 1.8]) This inclusion induces a cohomol- 
ogy isomorphism. 
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4. Constructions of algebraic hulls 

4.1. The embedings of solvable Lie algebras in splittable Lie 
algebras. The idea of this subsection is based on [16]. Let g be 
a solvable Lie algebra, and n = {X G gjadx is nilpotent}. n is the 
maximal nilpotent ideal of g and called the nilradical of g. 

Lemma 4.1. ([121 P-58]) We have [g,g] C n. 

Let -D(g) be the derivation of g. By the Jordan decomposition, we 
consider adx = dx + nx such that dx is a semi-simple operator and 
nx is a nilpotent operator. 

Lemma 4.2. ([161 Proposition 3]) We have dx, nx G D{g). 

Then we have the homomorphism / : g — )■ D(g) such that f{X) = dx 
for X E Q. Since kerf = n, we have Imf = g/n. 

Let g = Imf k g. Let n = {X — dx & q\X G g}. Since adx-d^ = 
a.dx—dx on g, adx-d^ a nilpotent operator. So n consists of nilpotent 
elements. 

Proposition 4.3. We have dx{y^) C n for any X & q, n is a nilpotent 
ideal ofg and g = Imf k n. 

Proof. By Lie's theorem, we choose a basis Xi, . . . ,Xi of n (g) C such 
that adg on n are represented by upper triangular matrices. For any 
X G g, we have 
adx{Xi) = ax,iXi 
adx{X2) = ax,2 + bx,i2Xi 

adxiXi) = ax,iXi + bx,i-iiXi_i H h bx,iiXi. 

We take a basis Xi, . . . Xi, X^+i, . . . Xi^m of g ® C. By Lemma 14. H 
adx{Xi) G n. Hence we have 
adx{Xi^i) = bx,ii+iXi + ■ ■ ■ + bx,ii+iXi 

adx{Xi+m) = bx,ii+mXi + • • • + bx,ll+mXi. 
Then we have 

dx{Xi) = ax,^Xi l<i<l 
dx{Xi) = l + l<i<l + m 

and we have dx{d) C n and dx{n) C n. This implies [g, g] C n. In 
particular, n is an ideal of g. Since n consists of nilpotent elements, 
n is a nilpotent ideal. By g = {dx + Y — (iy|X, F G g}, we have 
g = Imf X n. □ 

By this proposition, we have the inclusion i : g ^ D{n) x n given by 
i{X) = dx + X - dx ioT X e Q. 
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4.2. Constructions of algebraic hulls of simply connected solv- 
able Lie groups. Let G be a simply connected solvable Lie group 
and g be the Lie algebra of G. Let be the subgroup of G which 
corresponds to the nilradical n of q. Consider the injection i: g ^ 
Imf K n C D{n) \x n constructed in the last subsection. Let N be 
the simply connected Lie group which corresponds to n. Since the Lie 
algebra of Aut(iV) \x N is D{n) k n, we have the Lie group homomor- 
phism I : G ^ Aut(iV) tx N induced by the injective homomorphism 
i : g ^ D{n) k n. 

Lemma 4.4. The homomorphism I : G ^ Aut(iV) k N is injective. 

Proof. Since the restriction of i : g D(n) k n on n is injective, 
the restriction I : G ^ Aut(iV) x iV on A^ is also injective. Let Tj 
be the subgroup of Aut(iV) which corresponds to Im/. We have / : 
G ^ Tf \K N . By Proposition 14. 3^ g/n = Im/ © n/n. So we have 
/: G/N ^ Tf X N /N and it is sufficient to show this map is injective. 
Let j : Imf © n/n n/n be the projection and J : Tj x N/N N/N 
be the homomorphism which corresponds to j. Since the composition 

j o i[X modn) = X — dx modn 

is surjective, joi : g/n— J-n/nisan isomorphism. Since G/N and N/N 
are simply connected abelian groups, J o I : G/N — )■ N/N is also an 
isomorphism. Hence I : G / N ^ Tf x N / N is injective. 

□ 

We have the unipotent M- algebraic group N with N(]R) = N. We 
identify Auta(N) with Aut(nc) and Auta(N) has the M-algebraic group 
structure with Auta(N)(M) = Aut(A^). So we have the R- algebraic 
group Auta(N) X N. By the above lemma, we have the injection I : 
G Aut(A^) x_N =_Auta(N) x N(]R). Let G be the Zariski-closure of 
I{G) in Auta(N) x N. 

Lemma 4.5. We have U(G) = N. 

Proof Let T be the Zariski-closure of Tj in Aut N. Then G C T x N. 
Since G is connected solvable and T consists of semi-simple auto- 
morphisms, we have U(G) = G fl N. By this, it is sufficient to 
show dimU(G) = dimG. Let N be the Zariski-closure of I{N). 
By I{N) C N, we have U(G)/N = U(G/N). Thus it is suffi- 
cient to show dimU(G/N) = dimG/N. Consider the induced map 
/ : G/N Tf X N/N as the proof of Lemma [4.41 The Zariski-closure 
of I{G/N) in T x N/N is G/N. Since T x N/N is commutative, the 
projection T x N/N — ?■ N/N is an M-algebraic group homomorphism. 
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and hence the Zariski-closure of JoI{G/N) in N/N is U(G/N). Oth- 
erwise in the proof of Lemma 14.41 we showed that Jol: G/N^N/N 
is isomorphism. This imphes N/N = U(G/N). Hence the lemma 
follows. □ 

By this lemma we have the following proposition. 

Proposition 4.6. G is the algebraic hull of G and the Lie algebra of 
the unipotent hull Ug is Uc- 

Proof. We show that G satisfies the properties of the algebraic hull of 
G. We have dimU(G) = dimN = dimG. Let (t, x) G Zg(U(G)) C 
AutaN K N. Since U(G) = N and t is a semi-simple automorphism, 
we have tljj) = y for any y G N. So we have t = id^. We have 
Zg(U(G)) C U(G). Hence the proposition follows. 

□ 

4.3. Proof of Theorem 11.21 To prove the theorem, we first show the 
following lemma. 

Lemma 4.7. Let g be a solvable Lie algebra and n the nilradical of g. 
If n is abelian and for the extension 

-> n -> g/n 

the action of g/n on n is semi-simple, then we have a semi-direct de- 
composition = M" IX M"^ such that (f) is semi-simple. 

Proof. Let Vq be the weight vector space of the action of g/n on n with 
weight 0. Since g/n acts semi-simply, we have a direct sum n = n' © Vq 
of g/n-modules. Then we have [g, g] = [g, n'] = n' and [g, Vq] = 0. This 
implies that Vq is an ideal of g. Choose a subvector space g' C g so 
that we have g = g' © Vq as a direct sum of vector spaces and n' C g'. 
Since we have 

n' = [g, n'] c [g, g'] C [g, g] = n', 
g' is an ideal of g, n' is an ideal of g' and g' © Vq is also a direct sum of 
Lie algebras. Hence it is sufficient to show the extension 

^ n' ^ g' ^ g'/n' 

sprits. By the construction of g' and n', n' does not contain a trivial 
g'/n'-module. By the result in [6], we have H'^{g' /n' = {0}. Hence 
the lemma follows. 

□ 

Theorem 4.8. Let G be a simply connected solvable Lie group. Then 
Ug is abelian if and only if G = M" such that the action (j) : 

— )■ Aut(]R"^) is semi-simple. 
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Proof. Consider the inclusion i : g ^ Imf k n. By the above argument, 
the Lie algebra of Uq is Uc- Suppose G = M™ such that the 

action : — > AutM*" is semi-simple. It is sufficient to show n = 
{X — dx\X & q} G Imf K n is an abelian Lie algebra. Let X,Y & g 
and X = Xi + X2, Y = Yi + Y2 he the decompositions induced by the 
semi-direct product g = M" x^^ R™. Then we have 1^X2 = 0, (iyj = 0, 
[Xi, Yi] = and [X2, Y2] = by the assumption. Hence we have 

[X -dx,Y- dy] = [Xi, Fs] + [X2, Y,] - dx, {Y2) + dy, (X2). 

Since the action 0* is semi-simple, we have dxx{X2) = [-^1,^2] and 
(iy-^(X2) = [Y'i,X2]. Therefore we have [X — dx,Y — dy] = 0. This 
implies n is abelian. 

Conversely we assume \Jg is abelian. By the assumption, n is 
abelian. Since i{n) C n, n is abelian. By Lemma 14.71 it is sufficient 
to show that the action g/n on n is semi-simple. Suppose adx on n 
is not semi-simple. Then adx — dx on n is not trivial. Since we have 
n = {X — dx\X G g} C Imf k n, we have [n, n] 7^ {0}. This contradicts 
n is abelian. Hence we have the action g/n on n is semi-simple. 

□ 

By this theorem we show the following theorem. 

Theorem 4.9. Let T be a torsion-free virtually polycyclic group. Then 
the following two conditions are equivalent: 

(1) Ur is abelian. 

(2) r is a finite extension group of a lattice of Lie group G such that 
G = W M"* with the action : — > Aut(M'") is semi-simple. 

Proof. By Theorem 13.21 we have a finite index subgroup of F which 
isomorphic to a lattice of some simply connected solvable Lie group G. 
By Lemma 13.51 and 13.101 we have Up = U^. Hence by Theorem 14.81 
we have the theorem. □ 



5. Abelian unipotent hulls and formality 

5.L Abelian unipotent hulls and formality. We review the defi- 
nition of formality and prove Proposition 11.11 

Definition 5.1. A differential graded algebra (called DGA) is a graded 
M- algebra A* with the following properties: 
(1) A* is graded commutative, i.e. 



y Ax = {-ly^'^x Ay X e A^ ye A". 
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(2) There is a boundary operator d : A ^ A of degree one such that 
do d = and 

d{x Ay) = dx Ay + {-lyx Ady x e A^ y^A'^. 

Let A and B be DGAs. If a morphism of graded algebra ip : A ^ B 
satisfies d o cp = (p o d, we call p a morphism of DGAs. If a mor- 
phism of DGAs induces the cohomology isomorphism, we call it a 
quasi-isomorphism. 

Definition 5.2. A and B are weakly equivalent if there is a finite 
diagram of DGAs 

A^Ci^C2-- ^ B 
such that all the morphisms are quasi- isomorphisms. 

Let M be a smooth manifold. The De Rham complex A*{M) of M 
is the basic example of a DGA. The cohomology algebra H*{M,'R) is 
a DGA with d = 0. 

Definition 5.3. A smooth manifold M is formal if A*{M) and H*{M, R) 
are weakly equivalent. 

Proposition 5.4. Let T be a torsion-free virtually polycyclic group. If 
the unipotent hullUr is ahelian, the standard T -manifold Mj- is formal. 

Proof. We denote U, T and {/\u*)^ as Section 3.4. If the fc-unipotent 
hull of r is abelian, {/\u*,d) = {/\u*,0). By Theorem [3121 we have 
the diagram of DGAs 

A*{Mr)^{{/\u*f) = H*{Mr) 

such that the map A*(Mr) ^ ((A^*)"^) ^ quasi-isomorphism. Hence 
the proposition follows. 

□ 

By the last section we have the following corollary. 



Corollary 5.5. // T satisfies the condition (2) in Theorem 4-9 , then 
K{r, 1) is formal. 

5.2. Relations to the geometries of 3-dimensionaI manifolds. 

We give examples of formal spaces which relate to 3-dimensional ge- 
ometry. See |l7j for the general theory of 3-dimensional geometries. 

Corollary 5.6. Let M be a compact 3-dimensional manifold. If the 
geometric structure of M is or Sol, then M is formal. 



12 



HISASHI KASUYA 



Proof. For E^, for any lattice T in Isom(i?^) = xi 0(3), the inter- 
section r n M'^ is a lattice of and a finite index subgroup of F by 
Bieberbach's first theorem. This implies M is formal if the geometric 
structure of M is -E"^. For Sol, Sol is the Lie group G = x such 
/ e* \ 

that (j)(t) = I n t ] with an invariant metric. Let F be a discrete 



subgroup of Isom(S'o/) such that T\G is compact. Since the identity 
component of Isom(5'o/) is G and it is a finite index normal subgroup of 
Isom(5'o/)(see [H]), F fl G is a finite index subgroup of F and F fl G\G 
is compact. Hence F is a finite extension of a lattice of G. By Corollary 
we have the corollary. □ 

6. Relations to Kahler Structures 

6.1. The hard Lefschetz property. We review the definition of the 
hard Lefschetz property and prove Proposition II. 5[ 

Definition 6.1. Let {M,u) be a 2n- dimensional symplectic manifold. 
We say that (M, u) satisfies the hard Lefschetz property if the linear 
map 

is an isomorphism for any < i < n. 

Theorem 6.2. ([14j) Compact Kahler manifolds satisfy the hard Lef- 
schetz properties. 

Proposition 6.3. Let T be a torsion-free virtually polycyclic group. 
Suppose the standard T -manifold Mr admits a symplectic structure. 
If the unipotent hull Up is ahelian, Mr satisfies the hard Lefschetz 
property. 

Proof. As in Section 3.4, we have the sub-DGA {/\u*)'^ with d = in 
A*{Mt) and the isomorphism {/\u*)'^ = H*{Mr,R). For a symplectic 
form of uj on Mr, we have uq G {/\u*)^ which is cohomologous to u. 
Since 7^ for 2n = dimu = dim Mr, uq is a symplectic form on the 
vector space u. Since 

u^-'A ■■ /\u' ^ /\u2"-^ 
is injective for any < i < nhj the hard Lefschetz property of a torus, 

is also injective and so 
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is injective and thus it is an isomorphism by the Poincare duahty. 
Hence we have the proposition. □ 

Corollary 6.4. Suppose Mr admits a symplectic structure. IfT satis- 
fies the condition (2) in Theorem M.^ Mr satisfies the hard Lefschetz 
property. 

6.2. Formal solvmanifolds satisfying the hard Lefschetz prop- 
erty but not admitting Kahler structure. In [T], Arapura showed 
that the fundamental groups of compact Kahler solvmanifolds are vir- 
tually abelian. Let G be a simply connected solvable Lie group. We 
call G type (1) if for any g E G the all eigenvalues of the adjoint oper- 
ator Adg have absolute value 1. In [2] it was proved that a lattice of a 
simply connected solvable Lie group G is virtually nilpotent if and only 
if G is type (1). In [3j Baues proved every compact solvmanifold with 
the fundamental group F is diffeomorphic to the standard F-manifold. 
Hence we have the following corollary. 

Corollary 6.5. Let G = such that : M" ^ Aut(M'") zs 

semi-simple and G is not type (I). Then for any lattice T of G, G/T 
is a formal solvmanifold which does not admit a Kahler structure. If 
G/T admits a symplectic structure, G/T satisfies the hard Lefschetz 
property. 

6.3. Examples. Earlier, in [8] Fernandez, and Gray constructed ex- 
amples of formal solvmanifolds satisfying the hard Lefschetz property 
not admitting a Kahler structure. For a Lie group G = M with 

Q 



(j){t) = ^ g g~fct J ) they showed that for a lattice F of G the man- 
ifold G/T X is such an example. By the result of this paper we 
generalize this construction. 

Example. 1 (Generalizations of Fernandez and Gray's examples) 

Let G = M X^ ^2(m+n)+l g^pj^ ^YlBi 



gait Q \ / ga^t Q 



cos6it — sinfeit \ / cos6„t — sin6„t 

sinfoit cos felt / V sin6„t cos6„t 



©(1) 



for Oj, 6j G M. 

Then the cochain complex (/\ g*, d) of the Lie algebra of G is given by: 

dr = da = 0, 
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dxi = -aiT A Xi, dyi = a^r A (1 < i < m), 

dzj = bjT A Wj, dwj = —bjT A Zj, (1 < j < n). 

We have an invariant symplectic form u = tA(t+J2T ^i^Vi + YTj '^j^'^j 
Hence for any lattice F, G/T is formal and satisfies the hard Lefschetz 
property. If some is not zero, G/T does not admit a Kahler metric. 
Example. 2(complex example) 

Let G = C 1X0 with = ( ^ j . Then the cochain com- 

plex {/\q*, d) of the Lie algebra of G is given by: 

S* = {xi,X2,yuy2,zi,Z2), 
dxi = dx2 = 0, 
dyi = -Xi A ?/i + X2 A ?/2, (^2/2 = -X2 A 2/1 - Xi A ?/2, 

= Xi A — X2 A ^2, '^-22 = Xi A 2:2 + X2 A Zi. 

We have an invariant symplectic form u = xi Ax2 + zi Ayi + y2 Az2. In 
|10j . it was shown that G has some lattices. For any lattice F, G/T is 
complex, symplectic with the hard Lefschetz property and formal but 
not Kahler. 



7. Remarks 

In this Section we give an example of a formal standard F-manifold 
with the hard Lefschetz property such that f/p is not abelian. In ad- 
dition this is also an example of formal manifold satisfying the hard 
Lefschetz property such that it is finitely covered by a non-formal mani- 
fold not satisfying the hard Lefschetz property. We notice that compact 
manifolds finitely covered by non-Kahler manifolds are not Kahler. 

Let F = Z Z2 such that for t e Z 

- ( '-0^'' ) ■ 

Lemma 7.1. The algebraic hull ofT is given by Hp = {±1} x U3(C) 

such that 





r 1 


X 











1 


y 






V 





1 ) 





1 X {-l)z \ 
1 {-l)y 
1 / 
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1 y 
1 



1 X z 



) 



) 



C {±1} K Ur. 



Then F is Zariski-dense in {±1} k Ur and rankF = 3 = dim Up. Since 
the action of {±1} on Up is faithful, we have ZHp(Ur) C Up. Hence 



We have Hr(M) = {±1} x ?7r such that f/p = U3(M). Let u be the 
Lie algebra of f/r- We have u = (Xi,X2,X3) such that the bracket is 
given by 



Let xi,X2, x^ be the basis of u* which is dual to Xi, X2, X3. Then the 
DGA (A^^*)^^^^ is the subalgebra of /\u* generated by {xi,X2 A X3} 
and the derivation on (/\u*)'f^^J' is trivial. Let Mp be the standard 
F-manifold. Then by Theorem 13.121 we have the quasi- isomorphism 
(/\u*)^=^^^ — )■ A*{My). Since the derivation on (/\u*)^=^^^ is trivial, we 
have the isomorphism (/\u*)^^^^ = H*{M). Hence we have: 

Proposition 7.2. Mp is formal. 

Remark 1 . Since Ur is not abelian, the converse of Proposition 15.41 is 
not true. 

Remark 2. We have the finite index subgroup 2Z x which is nilpo- 
tent. So F is virtually nilpotent but not virtually abelian. By the result 
of [9], K{2Z X Z^, 1) is not formal. But for the finite extension group 
F, K{r, 1) is formal. 

Remark 3. Since {±1} acts isometrically on Ur with the invariant met- 
ric, Mr has Nil structure. So we have a formal 3-dimensional compact 
manifold which has Nil structure. 

Let A = F X Z. Then we have H^ = HrxR and f/^ = f/r x R. As 
above we have the quasi-isomorphism inclusion (A^*)^"*^^"*^ ® A(?/) 
A*(Ma). Let u = xi Ay + X2Ax3. Then a; is a symplectic form on Ma. 
Since H\Ma,^) = {xi,y) and if3(MA,M) = (xi Ax2 A X3, X2 Aa;3 A?/), 
the linear map [uj]A : H^{M/^, M.) — )■ H^{M/^, M) is an isomorphism and 
hence we have the following proposition. 



the lemma follows. 



□ 




z = 



2,3 



Proposition 7.3. x satisfies the hard Lefschetz property. 
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Remark 4. A is a finite extension group of tlie non-abelian nilpotent 
group 2Z X X Z as remark [21 By tlie result of [4j, a compact K{2Zt>< 
1? X Z, l)-manifold is not a Lefschetz 4- manifold. Thus Ma is a example 
of a Lefschetz 4-manifold with non-Lefschetz finite covering space. In 
[TT| Example 3.4], Lin showed the existence of Lefschetz 4- manifolds 
with non-Lefschetz finite covering space. Ma is a simpler and more 
constructive example. 
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